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Abstract. Let X be a reduced connected /c-scheme pointed at a rational 
point x £ X(k). By using tannakian techniques we construct the Galois clo- 
sure of an essentially finite fc-morphism / : Y — > X satisfying the condition 
H°(Y, Oy) = k; it is a torsor p : Xy — )• X dominating / by an X-morphism 
A : Xy — > Y and universal for this property. Moreover we show that A : Xy — > Y 
is a torsor under some finite group scheme we describe. Furthermore we prove 
that the direct image of an essentially finite vector bundle over Y is still an essen- 
tially finite vector bundle over X. We develop for torsors and essentially finite 
morphisms a Galois correspondence similar to the usual one. As an application 
we show that for any pointed torsor under a finite group scheme / : Y — > X 
satisfying the condition H°(Y, Oy) — k, Y has a fundamental group scheme 
7Ti(Y, y) fitting in a short exact sequence with tti(X, x). 
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1 Introduction 

Let k be a field and X a proper reduced fc-scheme satisfying the condition 
H°(X,Ox) = k (then it is in particular connected) The Nori fundamental 
group scheme was defined as the Galois tannakian group scheme of the category 
of essentially finite vector bundles on X [TT] . We define the notion of essentially 
finite morphism: these are finite faithfully flat morphims / : Y — > X such that 
f*(Oy) is essentially finite. For instance torsors under finite group schemes, or 
more generally towers of torsors are essentially finite morphisms. On the other 
hand finite etale morphisms are essentially finite, and they are the only ones if 
ch(k) = 0. 

The aim of this article is to define the Galois closure of an essentially finite 
morphism / : Y — > X. It is a torsor under a finite group scheme which domi- 
nates / and satisfies obvious universal properties (theorem [32]). Moreover given 
a torsor T — > X under a finite group scheme G, there is a Galois correspon- 
dence between subgroups of G and intermediate essentially finite morphisms, 
correspondence similar to the usual Galois correspondence. Then we prove that 
the direct image of an essentially finite vector bundle over Y is still an essen- 
tially finite vector bundle over X (theorem 13. 8|) . This allows us to give positive 
answers to natural questions: the composite of two essentially finite morphisms 
is essentially finite and being essentially finite is a property stable after base 
change. 

The point of view chosen here is to use the tannakian techniques introduced 
by Nori in his definition of the fundamental group scheme. Another approach 
discussed also by Nori is to see the fundamental group scheme as the projective 
limit of the finite group schemes occurring in torsors over X. This last point of 
view has been generalized by Gasbarri [6 allowing him to define the fundamental 
group schemes of relative schemes over Dedekind schemes. 

We show that if / : Y —> X is a torsor under a finite group scheme satisfying 
the condition H°(Y, Oy) = k then Y has a fundamental group scheme which fits 
in a short exact sequence of fundamental group schemes (theorem 14. ip . Using 
Gasbarri's approach M. Garuti addressed the question of the Galois closure of 
a tower of torsors [S]. His Galois closure is not, however, the smallest possible, 
moreover he obtained a short exact sequence similar to ours in the more general 
setting of relative schemes over Dedekind schemes. 

1 In Nori's papers k is a perfect field. The only point where this hypothesis is used is to 
insure that the ring of endomorphisms H° (X, Ox) of the unit object Ox of the tannakian 
category EF(X) is k. We do not assume here that k is perfect, but we make the hypothesis 
H°(X,O x ) = k 
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2 The fundamental group scheme. 



In this section we briefly recall the tannakian construction of the Nori funda- 
mental group scheme (cf. [TU] and [TT|). The situation is the following: 

Notation 2.1. From now on k will denote a field. Let 9 : X — » Spec(k) be a 
reduced and proper k-scheme such that H°(X, Ox) — k endowed with a section 
x : Spec(k) — t X. 

We will consider in this article torsors over X under finite k-group schemes 
G. They are finite, faithfully flat and G-invariant morphisms p : Y — > X , locally 
trivial for the fpqc topology, where Y is a k-scheme endowed with a right action 
of G and X with the trivial action. 

Nori defines in [11] the fundamental group scheme of X as the Galois group of 
a neutral tannakian category generated by the so called "finite vector bundles". 

Definition 2.2. A vector bundle J- over X is said to be finite if there exist two 
polynomials p(x),q(x) £ Z[x], where p(x) ^ q(x) have nonnegative coefficients 
such that 

p{F) ~ q(F), 

where the sum is the direct sum of vector bundles over X and the product is the 
tensor product over Ox ■ 

It is a fact that finite vector bundles are semi-stable in the sense of Nori 
f|ll|. Ch. I, §2.3) and Nori considers the subcategory generated by the finite 
vector bundles in the tannakian category SS(X) of semi-stable vector bundles 
on X. More precisely: 

Definition 2.3. Let S be a set of objects of SS{X). We denote SS{X){S) the 
full abelian subcategory of SS(X) generated by S . Since finite vector bundles 
over X are semi-stables Corollary 3.5), if F is the set of finite vector 

bundles over X , we denote EF(X) = SS(X)(F) . Objects of EF(X) are called 
essentially finite vector bundles over X . 

More generally take any subset U C Ob(EF(X)) and let U v be the set of 
duals of objects of U ; let U\ :— U U U v and S be the set of all possible tensor 
products of elements in U\. We denote SS{X){S) by EF{X, U) the full abelian 
subcategory of SS(X) generated by U. Let 

i v : EF(X, U) -4 Qcoh{X) 

be the inclusion functor and let 

x* : Qcoh(X) — >■ k-mod, 
J 7 (->• T x . 

be the fiber functor associated to the section x G X{k). 
In what follows, we will use the neutral fiber functor 

Uu — x* o ijj : EF(X, U) — > k-mod. 

When EF(X, U) = EF{X), we will use the notations uj = uju and ix = %u ■ 
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Nori proves the following result ([TT], Chapter I, Proposition 3.7) 

Theorem 2.4. For any U € Ob{EF{X)), the category (EF{X,U),(g>,uj u ,Ox) 
is a neutral tannakian category. 

Let (C, ®, 7, lc) be any neutral tannakian category, where 7 is a neutral fiber 
functor, let S be any /c-scheme and a,/3:C—> Qcoh(S) be two fiber functors 
with values in the category of quasi- coherent sheaves on S. We denote the 
functor 

Isom pa.B) : S-Sch -4 Set 

T 1— > Isom®((p* o a,(p* o (3) 

where <^ : T — > S is a morphism of schemes, S-Sch is the category of rel- 
ative schemes over S, Set is the category of sets and Isoin® (■, ■) stands for 
(iso)morphisms commuting with the tensor product. 

The general Tannaka duality insures that Autf(j) := Lsomf^, 7) is repre- 
sented by an affine group scheme and that the category C is equivalent to the 
category of representations of this group scheme (cf. for instance [3J, Theorem 
2.11). We will refer to G := Autf^j) as the tannakian Galois group scheme of 
the tannakian category C attached to the neutral fiber functor 7. 

Let p : S — > Spec(k) be a scheme and Fibs(C) the category of fiber functors 
C — > Qcoh(S). Let G-Torsg be the category of (right) G-torsors over S. Wc 
have the following fundamental result ([2] and (3j): 

Theorem 2.5. The functor 

Fib s {C) -> G-Torss 

j] H» Isomg '(p* o 7 r]) 

is an equivalence of gerbes. 

Definition 2.6. Let k be a field, 9 : X — > Spec(k) a reduced and proper k- 
scheme such that H (X, Ox) — k and let x G X(k). Let EF(X) be the category 
of essentially finite vector bundles over X and u :— x* o i x : EF(X) — > k-mod 
the fiber functor defined above. Then ni(X,x) :— Aut f(u)) — Isomf (uj , lu) is 
the fundamental group scheme of X in x. 

The natural inclusion fiber functor ijj : EF(X, U) — > Qcoh(X) gives rise to 
a torsor over X given by 

Xjj :— Lsom ®(9* o uj Ui ijj) 

under the (right) action of the affine fc-group scheme tti(X, U,x) :— Aut f (corr)- 
Moreover the fiber at x is equipped with a rational point xjj- Indeed we have 
the following canonical isomorphisms (cf. lemma [3. 15[) 

x*(X v ) ~x* l8om% .(0*QWTT.iTT) 
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~ Isom fjx* o 8* o uiu, x* o ijj) ~ Isomf [ujjj , wy) = 7ri(-X", t/, x) 

The image of the neutral element of w± {X, U, x) in x* (Xjj) is xjj by definition. 
A torsor over X under a finite /e-group scheme endowed with a fc-rational point 
in the fiber of X will be referred to as a pointed torsor. 

Definition 2.7. We loi/Z call (Xjj,xu) the universal tt\{X, U,x)-torsor over X 
(associated to the tannakian category EF(X,U)). When EF{X,U) = EF(X), 
the corresponding universal torsor will be denoted (X,x). 

When \U\ is finite, the fundamental group scheme tt\{X, U,x) is finite. Thus 
7Ti(X, x) is the projective limit of finite group schemes, and the universal torsor 
X is the projective limit of torsors under finite group schemes. 

Definition 2.8. We will consider the category whose objects are pointed torsors 
under finite group schemes, i.e. triples (Y,G,y) where f :Y X is a G -torsor 
under some finite k-group scheme G endowed with a section y : Spec(k) — > Y 
such that f(y) = x. 

A morphism <p : (Y\,G\, y\) — > (i^, G2, 2/2) between two pointed torsors is 
the datum of two morphisms a : Y\ — > Y2 and /3 : G\ — > Gi where j3 is a group 
scheme morphism, ct(y\) — 2/2 and such that the following diagram 

Gi x Yi -> Y 1 
G 2 y-Y 2 -> Y 2 

commutes (horizontal arrows being the actions of the concerned group schemes). 

Definition 2.9. A pointed torsor (Y,G,y), as in definition \2.8l is said to 
be a quotient torsor if for any pointed torsor (Y 1 ,G ,y') and any morphism 
ip = (a, /3) : (Y', G', y') — > (Y, G, y), f3 is a faithfully flat morphism^ 

Remark 2.10. A pointed torsor (Y,G,y) is a quotient torsor if and only if 
G is a quotient of the fundamental group scheme tti(X,x), that is the canoni- 
cal morphism TTi(X, x) —> G is faithfully flat (cf. for instance Iff Corollary 2.8). 



3 Galois closure of essentially finite morphisms. 

We keep the notations introduced in paragraph 2. 



2 In 1111 . Ch. II. Nori says "reduced" instead of "quotient". Because of the possible confusion 
with the usual notion of reduced scheme, we changed the terminology. 
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3.1 Statement of the results 



Definition 3.1. Let f : Y —> X be a finite and flat morphism (then faithfully 
flat since finite and flat imply that f is closed and open and as X is connected, 
f is surjective). The morphism f is said to be essentially finite if and only if 
f*(Oy) is an essentially finite vector bundle (cf. def. \2.3\l . 

Let / : Y — >■ X be an essentially finite morphism. Let us consider the full 
tannakian subcategory of EF(X) generated by f*(Oy) that is 

EF(X,{MO Y )}) 

provided with the fiber functor u>u : x* o i v ; EF(X, U) — > fc-mod, where 
U := {f*(<D Y )} and i v : EF(X,U) ^ Qcoh(X) is as in paragraph^ From 
these data we get the fundamental group scheme G = tti (X, U, x) and the 
universal torsor (Xu,xu). Denote by p : Xjj — > X the structural morphism of 
the universal torsor. The main result of this section is the following theorem. 

Theorem 3.2. Assume that 9 : X — > Spec{k) is a proper reduced locally noethe- 
rian k-scheme over a field k such that H°(X, Ox) = k, endowed with a rational 
point x : Spec(k) — > X . Let f : Y — > X be an essentially finite morphism such 
that H°(X, f*(Oy)) = k given with a rational point y in the fiber Y x of f at x. 

1. Under these conditions there exists a unique faithfully flat morphism A : 
Xjj — > Y sending xjj to y and satisfying f o A = p. 

2. Moreover A : (Xjj, xjj) — > {Y, y) has the structure of a pointed right torsor 
under the stabiliser G y of y under the action of G = ~K\ (X, U, x) on the 
fiber Y x . 

3. Finally the universal torsor {Xjj, xjj) satisfies the following universal prop- 
erty: for any quotient pointed torsor (T, H, t), and any faithfully flat mor- 
phism fj, : T —¥ Y such that fi(t) — y, there exists a unique morphism of 
pointed torsors (u,tp) where ip : H — ¥ G — %i{X,U,x) and u : T — >• Xu 
sending t to Xjj making the following diagram commutative 




Notation 3.3. In the situation of theorem \3.2\ the group H acts, via the mor- 
phism ip : H — ¥ 7i"i (X, U, x) on the fiber Y x . We will denote by H y the stabilizer 
of y in this action. 
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Definition 3.4. Let f :Y —> X be an essentially finite morphism endowed with 
a rational point y in the fiber of x, and g : T — > X a quotient torsor pointed 
by a rational point t 6 T(k). We will say that the pointed torsor dominates 
the morphism f if there exists a faithfully flat morphism A : T — >• Y such that 
9 = / ° A and A(t) = y. 

Corollary 3.5. Let g : T — > X be a quotient torsor under a finite group scheme 
H over k pointed by a rational point t £ T(k). 

1. The correspondence which associates to any essentially finite morphism f : 

Y — > X pointed by y G Y x (k) dominated by the given torsor, the stabilizer 
H y < H is a bijection between pointed essentially finite morphisms f : 

Y — > X dominated by the given torsor, up to isomorphism, and closed 
k-subgroup schemes of H, up to conjugation. 

2. Moreover, f :Y — >• X is a torsor if and only if H y is normal in H ; in this 
case it is a torsor under the group scheme H/H y . 

Remark 3.6. In the characteristic case, essentially finite morphisms are just 
finite etale morphisms. Let indeed f :Y —> X be an essentially finite morphism. 
After extension of scalars we may assume that there are points x G X(k) and 
y G Y{k) such that f(y) = x. The theorem \3.2\ insures the existence of a Galois 
closure f : Xjj — > X which is a torsor under a finite group scheme G. As 
ch(k) — 0, G is an etale group scheme, and then f : Xjj — s> X is etale, which 
implies that f : Y —> X is itself etale. 

We will see in paragraph 4 other examples of essentially finite morphisms, 
namely towers of torsors under finite group schemes. 

Remark 3.7. In J12f . Nori shows that the fundamental group scheme of an 
abelian variety is abelian. It then follows from the Galois correspondence that 
any essentially finite morphism f : Y — >• X satisfying H (Y,Oy) = k, where 
X is an abelian variety defined over a field k, is itself a torsor under a finite 
abelian group scheme. 

Let / : Y — >• X be an essentially finite morphism. A natural question that 
arises is whether the direct image of an essentially finite vector bundle over Y is 
still essentially finite over X . Theorem l3.8l gives a positive answer in a little more 
general setting. As an application we will show that the composite morphism 
/' o / of two torsors under finite group schemes / : Y — > X and /' : Y' — > Y, 
which in general is not a torsor itself, is an essentially finite morphism; therefore 
we will be able to apply to this morphism the construction of theorem 13.21 and 
to construct a sharp Galois closure for towers of torsor, i.e. the smallest torsor 
dominating (in the sense of definition l3.4p the morphism f'of. We use a recent 
result of Garuti (cf. [5]) who constructs a "Galois closure" of towers of torsors 
(which is not the smallest possible torsor dominating the tower). 
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Theorem 3.8. Let X be a reduced, proper k-scheme such that H°(X, Ox) = k, 
endowed with a rational point x G X(k). Let Y be a k-scheme and f : Y — > X 
an essentially finite morphism. Let J- be a vector bundle over Y trivialised by 
a torsor over Y under a finite k-group scheme. Then the sheaf f*(J-) is an 
essentially finite vector bundle over X . 

From this theorem follows immediately that the composition of two essen- 
tially finite morphisms is essentially finite: 

Corollary 3.9. Let X be a reduced, proper k-scheme such that H (X, Ox) = k, 
endowed with a rational point x G X(k). Let Y be a reduced, proper k-scheme 
such that H (Y, Oy) — k, endowed with a rational point y G Y x (k). Let Z be a 
k-scheme and let f : Y — > X and g : Z — > Y be two essentialy finite morphisms. 
Then f o g is essentially finite. 

Theorem 13.81 can now be applied to towers of torsors: 

Corollary 3.10. Let k be a field and X a proper, reduced k-scheme, such that 
H°(X,Ox) — k, provided with a point x : Spec(k) — > X. Suppose we are given 
two finite k-group schemes G and G' , a G-torsor f : Y — s> X and a G' -torsor 
f : Y' -> Y. 

Then (/ o is an essentially finite vector bundle over X . 

Proof. As /' : Y' -> Y is a torsor under G' , then Y 1 x Y Y' ~Y'x G'. Therefore 
fiiOy) is trivialised by the torsor /' : Y' — > Y. According to Theorem 13.81 
(/ ° /')*(Oy) is an essentially finite vector bundle. □ 

From this and theorem 13.21 we finally obtain the Galois closure of towers of 
torsors: 

Corollary 3.11. Let k be a field and X a reduced proper k-scheme, such that 
H°(X,Ox) = k, provided with a point x : Spec{k) — > X. Let G and G' be two 
finite k-group schemes, f : Y — » X a G-torsor and f : Y' — > Y a G' -torsor. 
We assume the existence of a point y : Spec(k) — > Y lying over x and of a point 
y' : Spec(k) -» Y' lying over y. We assume that H°(Y, Oy) = H°(Y', Oy ) = k 

1. Then it exists a finite k-group scheme G, a G-torsor p : U — > X pointed 
by a rational point u G U(k) above x and a faithfully flat morphism A : 
U -» Y' with a right torsor structure such that f o /' o A = p. 

2. Moreover the torsor p : U — > X satisfies the following universal property: 
for any quotient triple (T, H, t) , where g : T —¥ X is a torsor under a finite 
k-group scheme H and t a k-rational point over x, and a faithfully flat 
morphism fi : T —> Y' such that fj,(t) — y' , there exists a unique morphism 
of pointed torsors (h, if) where ip : H — > G and h : T — > U sending t to u 
making the following diagram commutative 
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X 



3. Denote by Y' x the fiber of x in the morphism f o f' : and Yy C Y£ the fiber 
of y in the morphism f . Let G y > ( resp. G v ) be the stabilizer of y' ( resp. 
ofYy) in the action of G on Yf,. 

(a) Then G y is a normal subgroup of G; f o A : X —>Y is a right torsor 
under G y ; and G ~ G/G y in the Galois correspondence. 

(b) Also G y ' is normal in G y ; A : X — > Y' is a torsor under G y > ; and 
G' ~ Gy/Gy' in the Galois correspondence. 

Proof. According to corollary 13.101 the sheaf (/ o /')*(CV') is a finite vector 
bundle. Theorem 13.21 insures the existence of a Galois closure U — > X of the 
essentially finite morphism / o /' and it says that A : U — > Y' is a G,/-torsor 
where G y i is the stabilizer of y' in the action of G on the fiber Yf.. So conclusions 
1 and 2 of the theorem are immediate consequences of theorem 13.21 applied to 
the essentially finite morphism / o /'. To prove 3 first remark that /' : Y' — > Y 
induces a morphism Y£ — > Y x which is compatible with the actions of G. Thus 
the stabilizer G y of Yy is also the stabilizer of y in the action of G on Y x . 
Thus the point 3 (a) is a consequence of the point 2 of corollary 13.51 applied to 
the torsor p : U — > X and the torsor / : Y — > X. Finally by the point 1 of 
corollary 13. 5i U — > Y is a torsor under G y and the point 3 (b) is a consequence 
again of second point of corollary 13.51 applied to this torsor and the G'-torsor 
/' : Y' -> Y. □ 

In corollary 13.131 we will prove that for a morphism the property of being 
essentially finite is stable after base change: 

Lemma 3.12. Let X and X' be two reduced and proper k-schemes such that 
k = H°(X,O x ) = H°(X',O x >). Let i : X 1 -> X be any k-morphism. Assume 
the existence of a k-rational point in X' . Let J- be an essentially finite vector 
bundle over X. Then i*(J~) is an essentially finite vector bundle over X' . 

Proof. Let p : T — > X be a torsor under a finite fc-group scheme trivializing 
set T' := T x x X' with projections p' : T' -)• X' and i' : T' -> T. It 
follows that p' trivialize i*(T), indeed Of,' ~ i'*p*{F) ~ p'*i*{T). Let C be 
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a proper and normal (then integral and regular) fc-curve and j : C — >• X' any 
non constant morphism. Then deg(j* i* (!F)) = by assumption, since J- is 
essentially finite, when i o j is not constant and trivially when it is constant. 
Now, the inclusion Ox 1 ^ p'*{Ot>) states that Ox* is a subbundle of p'*(Gti) 
(i.e. the resulting quotient is a vector bundle) since p' is finite and faithfully flal|f|. 
Tensoring by i*(F) we deduce that i*{T) is a subbundle of i*(J-) ®o x , P*(Ot'); 
the latter being isomorphic to p'jp'* i* {J-) — p*0®f , we finally obtain that 
is a subbundle of p'^O®] . So in particular i*(F) is essentially finite (cf. [TO] 
proposition 3.7), p'^Ojf being (essentially) finite. □ 

Corollary 3.13. Let X and X' be two reduced and proper k-schemes such that 
H"(X,O x ) = H°(X',O x >) = k. Let i : X' -> X be any k-morphism. Assume 
the existence of a k-rational point in X' . Let f : Y — » X be an essentially finite 
morphism. Then f':Y' = YxxX'^>-X' is essentially finite too. 

Proof. fi{Oy) — i*f*{Oy) is essentially finite according to previous lemma. 

□ 



3.2 Preliminary tools 

Lemma 3.14. Let C and C be two tannakian categories, 7 ,77 : C — ^ Qcoh(S) 
two fiber functors over a k-scheme S and F : C —¥ C an exact tensor functor. 
We have the following relation between torsors 

Isom fh qF,bqF)~ Isom f (<y, n) x— s (t) Autffa o F) 
the second term being the contracted product (see for instance J4}j, III, §4, 3.2.). 
Proof. Left to the reader. □ 



Lemma 3.15. Let C be a tannakian category, j : S' — > S a fiat morphism of 
k-schemes, 77, 7 two fiber functors over S , then there is a canonical morphism 
of right torsors 

Isom %(j* o rj,j* o 7) ~ j*isomf (77,7). 
Proof. Left to the reader. □ 

3 The property of being locally free is local for the flat topology. And locally for the flat 
topology, a finite and faithfully flat morphism V — ¥ U has a section ([9], proof of proposition 
2.18, p. 17) 
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Let G be a finite fc-group scheme. There is a one-to-one correspondence 
between right torsors / : T — »■ X under the group G over X and tensor functors 
7 : RepJG) — > Qcoh(X) given by the following relation: 

T~Isom x (6* °forget fcG , 7 ) 

where forget fcG : Repk{G) — > k-mod is the forgetful functor (cf. theorem 12. 5[) . 
The fiber functor 7 factors through a tensor functor 7 : RepJG) — > EF(X), 
i.e. j — ix J, where ix is the inclusion of EF(X) into the category Qcoh(X) 
([IT], Chapter I, Prop. 3.8). 

If one composes 7 with the inverse of x, one gets a tensor functor 

(i)" 1 07 : Rep k (G) i?ep fe (717 (X, x)) 

which is equivalent to a morphism ip : tti(X, x) — > G. We consider the contracted 
product 

X x ^ x ^ G 

for the morphism ip. This is a right G-torsor. 

Proposition 3.16. IfT has a k-rational point over x, thenT ~ X x^ x ' x ) G. 

Proof. Recall that X — Isom x (9* o ui,ix) where uj = x* o i x . Using lemma 
13.141 one has 

(|) X x 11 ^ 1 ' G ~ Isgrn %{6* o uj o 7, i x o 7) ~ Isam %{9* 01*07, 7) 
Using lemma [5.151 and the definition of T, one gets 



x*T ~ Isom fjx* o 8* o forget fcG , x* o 7) = Isom f (forget ^. G , x* o 7) 

The fact that T has a /c-point over x means that x*T is trivial, and then the 
functors forget fcG and x* o 7 are equivalent. 
Replacing in the formula (f), we get 

i" x 11 ' 1 ' 1 ' G ~ Isom f JO* o forget fcG , 7) ~ T 
which completes the proof of the proposition. □ 



Proposition 3.17. Under the hypothesis of proposition [3.161 there is an iso- 
morphism of Ox -algebras 

fjO T )~i(kG) 

where kG denotes the regular representation of G (G = Spec(kG)). 
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Proof. Recall the following commutative diagrams of functors: 



EF{X) s- k-mod 

forget k7ri(x , x ) 

Re Pk {G) Qcoh(X) 

ix 

EF(X) 

So x*T = Isom f (forgetkn, forget w^y v) 0x07) ~ G viewed with the left 
action of m (X, x) on G defined by the morphism (p : w± (X, x) — > G induced 
by the functor x o 7 : Repk(G) — > Repk(^i(X, x)). As x is an equivalence of 
categories, /*(Ot) = (x)^ 1 ^), where V is the regular representation kG viewed 
as a representation of tti(X, x) through <p, i.e. V — x o j(kG). One concludes 
that /*(Ot) — oxoj(kG) ~ y(kG). As the functors involved in the proof 

are tensor functors, they make correspond /c-algebras and Ox-algebras, and the 
isomorphism /*(Ot) — j(kG) is thus an isomorphism of Ox-algebras. □ 

Proposition 3.18. Under the hypothesis of vrovosition WTJhl the essential image 
of j is constituted by the objects of EF(X) trivialized by the torsor f : T — > X. 

Proof. In one direction it is obvious: as T — Isom %(9* o forget fcG , ix ° 7) and 
f*T = Isom x ( f* o 9* o forget fcG , f*oi x o 7) is trivial, for any representation 
V of G, /* o i x o j(V) is isomorphic to f*o9*o forget fcG (y) which is a trivial 
vector bundle. 

In the other direction, if F is an essentially finite vector bundle on X which 
is trivialized by / : T -> A, then f*F ~ O t © • • • © O t , and then f*f*F ~ 
/*{Ot) © • • • © Moreover, by proposition 13.171 /*(0t) is the image 

by 7 of the regular representation of G and then /*(Or) ffi ■ ■ ■ © /*(Ot) is in 
the essential image of 7. As / is faithfully flat, F f*f*F, and then i 7, is a 
sub-object of an object of the tannakian category generated by /*(C?t) and thus 
is an object of the essential image of 7. □ 

In conclusion there is a one-to-one correspondence between the following 
objects: 

1. torsors T — > X under a finite group scheme G endowed with a rational 
point t e T(k) over x € A(fc) 

2. morphisms y> : ni(X, x) — > G 

3. exact tensor functors 7 : Repk(G) — > Qcoh(X) satisfying the relation 
x* 07 ~ forget fcG . 
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Proposition 3.19. With the previous notations, the following statements are 
equivalent 

1. H (T,O T ) = k 

2. tp is faithfully flat 

3. 7 is fully faithful 

The proof, for which we refer the reader to Chapter II, Proposition 3, 
relies on the following lemma, that will be used later: 

Lemma 3.20. Let G be an affine group scheme and $ : Repk(G) — >• EF(X) a 
fully faithful tensor functor. Then for any representation V ofG, H (X, $(V)) ~ 
V G . 

Proof. We have the following equalities: 

V G ~ Hom G (V v , k) ~ Hom($(V) v , O x ) ^ 
~ H°(X,Hom(<S>(V) v , O x )) ~ H°(X, $(V)). 

□ 

Corollary 3.21. Let f : T — > X be a pointed torsor under a finite group scheme 
G. Then it is a quotient torsor if and only if H (T, Ot) = k. 

Corollary 3.22. Let f : T — > X be a G-torsor pointed on t e T x (k), where 
G is a finite k-group scheme, and ip : tti(X, x) —> G the corresponding mor- 
phism. Consider the tannakian category EF(X, {/*(Ct)})- Then the funda- 
mental group scheme ni(X, {/,(0t)}, x) is isomorphic to the image H ofip. It 
is a closed subgroup of G, and is equal to G if and only if the pointed torsor 
(T, t) is a quotient torsor, and in this case the universal torsor of the category 
EF(X, {/*(Ot)}) based at x is isomorphic to f : T —> X . 

Proof. Examine the proof of the preceding proposition. □ 
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3.3 Proof of Theorem f3T2l 



We keep the notations introduced in the statement of theorem 13. 21 We will need 
the following lemma. 

Lemma 3.23. If H°(Y, Oy) — k, the morphism p : G Y x defined by g — > g -y 
is faithfully flat and induces an isomorphism G/G y ~ Y x . 

Proof. First of all we observe that for any fc-linear representation (V, a) of G = 
Spec(A) the set of fixed elements i.e. the set of all those v s V such that 
g ■ (v <S> 1_r) = (v <£) (for any fc-algebra R and any g G G(R)) coincides with 
the set of all v € V such that j(v) = v(&1a where 7 : V — >• V<E)A is the comodule 
structure associated to (V,a). Now set Y x := SpeciV) where V is a fc-linear 
representation of G with an additional fc-algebra structure. The quotient Y x /G 
is the cokernel of the double arrow 

G x Y^ x ^ Y x 

where qi : G x Y x — > Y x maps (g, z) <— > z and q% : G X Y x — > Y x (the action) maps 
{g, z^j 1 v g • z in the category of sheaves for the fppf topology. It is represented 
by V G , the kernel of the double arrow 

7 

where 7 : V — >■ V ® A is the coaction and u : — > V <S> A maps v 1— > v <E> 
1 (cf. the proof of the affine case in Th. 3.2, III, paragraph 2, 4.1 to 4.4 
of [3]). According to lemma [3.201 ~ fc: apply indeed the lemma to the 
equivalence F : Repk(G) — > EF(X,U) associated to the universal torsor p : 
Xu -> X; F(V) ~ U\0y), so in particular H (X,f*(O Y )) a H {Y,O Y ) ^ fc 
by assumption. So Y x /G ~ Spec(k). It follows from this that G x 1^ -> Fj, x 3^ 
is surjective for the fppf topology (Th. 3.2, b, III, paragraph 2 of [3]) and thus 
the morphism p : G — > Y x is surjective for the fppf topology. 

On the other hand, p induces a monomorphism of fppf sheaves G/G y — > Y X) 
where G y denotes the stabilizer of y ([4], III, paragraph 3, 1.6). And then 

G/Gy — Y x . 

Finally, according to [4], III, paragraph 3, 2.5, the morphism G — > G/G y is 
faithfully flat. This concludes the proof of lemma. □ 

Proof of the Theorem VS. "A 

1. Nori defines the functor F : Repk(G) —> EF(X, U), already mentioned in 
the proof of lemma 13.231 which is an equivalence between the category of 
representations of G — tti(X, U, x) and EF(X, U). As described in [2], 7.5- 
7.12 the functor F induces an equivalence between finite G-schemes over 
fc and finite morphisms g : Z — > X such that g*(Oz) € EF(X, U). In this 
equivalence G corresponds to the universal torsor Xu and Y x corresponds 
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to Y . Then the fc-morphism p corresponds to an A-morphism A : Xjj 
Y: 




whose fiber at x : Spec(k) — > X is precisely p. 
2. The facts that G/G y ~Y X and that the action m of G y on G is free imply 



that the morphism 



(1) GxG y ^^Gx Yx G 



is an isomorphism. This is an isomorphism of G-schemes, where G is 
endowed with the left action of G on itself and G y with the trivial action 
of G. The image of this diagram by the equivalence of tannakian categories 
F : Repk(G) — > EF(X, U) is the following isomorphism 



(2) XuxGy^XuXyXu 
whose fiber at x is given by the isomorphism (1). 

To prove the second part of the statement, the only thing to check is that 
A : Xjj — > Y is faithfully flat. Consider again the commutative diagram 




X 

and pull it back by Xjj —±X. As we have seen in the proof of proposition 
the functors p* and p* o 6* o x* from EF(X, U) to Qcoh(Xu) are 
equivalent. Applying the two functors to the preceding diagram one gets 
that the pull back by p is 

1 Xp 

Xjj X G Xjj X Y x 

pri 

Xjj 

As p and p are faithfully flat, A is also faithfully flat. 
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3. Since / is affine, /* is exact; so from the inclusion Oy /j,*(Ot) we 
get the inclusion f*(Oy) /»(m*(^t)) — P*(Ct)- Being semi-stable, 
f*{Oy) is a sub-object of p*(0t) and then an object of the tannakian 
category EF(X, {p*(Ot)})- Thus the inclusion is a fully faithful functor 
of tannakian categories 

EF(X, {/.(CV)}) K(Ot)}) 
which induces a faithfully flat morphism 

ff-»7ri(X,{/,(Oy)},a!) 

between their tannakian Galois group schemes. As T is the universal 
torsor associated to the tannakian category EF(X, {p*(Ot)}), from this 
morphism one gets u : T -» Xu commuting with the actions of H and 
7Ti(X, {f*(Oy)}, x). The same kind of arguments used in the second part 
of the proof shows that this morphism is also faithfully flat. 

Proof of the Corollary \3.5[ 

If / : Y — > X is an essentially finite morphism pointed at y £ Y x (k), call 
U = {f*(Oy)} and G = w l (X, U,x). 

Suppose that / : Y — >• X is dominated by the pointed torsor g : T — >• X: 
there exists a faithfully flat morphism (tx : T — > Y such that / o p; = g 
and /x(t) = y. By Theorem 13.21 there exists a unique morphism of torsors 
(u, tp), where ip : H — > G is a morphism of groups and u : T — > Xu is a 
morphism of torsors making the following diagram commutative 




To these morphisms of torsors correspond morphisms of fundamental groups 

ni(X,x) H »-G 

One gets an action of H on Y x and the stabilizer H y of y under this action. 

Conversely if H' < H is a subgroup of H, the quotient H/H' is en- 
dowed with an action of the fundamental group scheme 7Ti (X, x) trough 
the morphism iri(X, x) — > H attached to the torsor p : T — > X. To the 
7Ti (X, x)-fc-scheme H/H' corresponds a X-scheme / : F — > X such that 
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f*(Ox) is essentially finite and Y x ~ H/H' . Moreover Y is pointed at 
y G Y x (k) corresponding to the image of the unit element in H/H 1 and 

H' = Hy. 

These correspondences are inverse of each other as in the situation con- 
sidered above Y x ~ G/G y ~ H/H y as iri(X, a:)-fc-schemes. 

If the morphism / : Y — > X is a torsor, then it is a quotient torsor under 
the group G. Then G y — 1 and H y which is the inverse image of G y in 
the morphism H — > G is a normal subgroup of H. In this case G ~ H/H y 
and thus / : Y — > X is a torsor under the quotient group H/H y . 

Conversely if H y is normal in H, G y is normal in G, and as Y x ~ G/G y as 
representations of 7Ti (X, x) , the fundamental group G = m (X, U, x) which 
is the image of m (X, x) in this representation is isomorphic to the group 
G/G y . Thus G y = 1 and / : Y —> X is a torsor under G. 

Remark 3.24. In the situation of theorem \ S.2\ (with the only difference that 
we do not need the assumption H (X, f*(Oy)) — k), Y x = Spec(V) where V 
is naturally a representation of wi(X, x) which factors through the morphism 
tp : tti(X,x) — > G associated to the universal torsor (Xjj,xu)- Then Ker((p) is 
the kernel of the representation ofiri(X,x) on V. 

Let indeed K be this kernel. The inclusion Ker(ip) C K is obvious. In the 
other direction, V is a representation of 7Ti (X, x)/K , and as V generates the 
tannakian category Repk{G), one has the inclusion 

Re Pk {G) ^ Rep k {-Kx{X,x)/K) 

which induces a surjective morphism ni(X,x)/K — > ni(X,x)/Ker((p) = G. 
Thus K — Ker((p) and G ~ ni(X,x)/K. 

3.4 Proof of Theorem ET81 

Throughout this section k will be any field. We first recall that for an integral 
and projective curve C over k and any coherent sheaf T over C we define, 
respectively, the rank and the degree of T as follows: 

rk{T) := dim m (J-f) deg(T) := - rk(T) ■ X (Pc) 

where £ is the generic point of C and x(3~) is the Euler-Poincare characteristic 
of T . Assume moreover that C is normal and let — > T' — > T — > T" — > be an 
exact sequence of coherent sheaves over C then clearly rk(F) — rk(jF')-\-rk(J r ") 
and consequently deg(T) = deg(T') + deg(F"). If V and W are locally free 
sheaves over an integral curve C over k then one can compute the degree of 
V®o c W as follows (cf. [H], Ch 6, §7, ex. 9): 

degiy ®Oc W) = rk(V)deg{W) + rk(W)deg(V). 
If J 7 is a coherent C^-sheaf then the formula still holds: 
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(*) deg{F® 0c W) = rk(F)deg{W) + rk{W)deg{J : ) . 

Indeed T has a locally free resolution of length 1 (cf. [TJ, III, Example 6.5.1, 
Proposition 6.11 A and Exercise 6.5) thus there exist two locally free Oc 
modules Cq and C\ and an exact sequence 0— > C± — > Cq ^ J- ^ that 
we tensor by W thus obtaining another exact sequence 

->• d ®o c W -» £ ®o c W -> J" ®o c w -> 

whence the formula, by the additivity of the degree. We need the following 
lemma, whose easy proof is left to the reader (otherwise compare with [5], 
Lemma 3.2.1): 

Lemma 3.25. Let C and C be integral and projective curves over k and f : 
C" — > C a finite morphism of degree d. Let T be a coherent Oc -module and 
Q a coherent Oc-module then deg(f*(J-)) — deg^T) + deg(f*(Oc)) • rk{JF); if 
moreover f is flat or Q locally free then deg(f*(Q)) — d ■ deg{Q). 

Lemma 3.26. Let C be a normal and proper curve over k, C a curve over k 
and f'-.C'—tCa finite and flat morphism. Denote by d = rko c (fi(Oc')) the 
degree of f . Let A and B be, respectively, a locally free and a coherent sheaf 
over C . Let us denote the coherent Oc-module fl(A®o c , B) by T . Then 

deg{T) = d- 1 ^fc(/:(^))d eff (/:(s))+rfc(/:(B))d e5 (/:(^))-d eff (/:(o c o)^(^) 

Proof. We let A4 denote T ®o c /*(Cc) and we compute its degree: 

deg(M) = deg{F)rk{fl{O c >)) + deg{fl{G c >))rk{T). 

We will prove below the formula M ~ /* (A) ®o c /* (&) > thus, as /' is flat, fl {A) 
is locally free and the formula (*) gives 

deg(M) = rk(fi(B))deg(fUA))+rk(fi(A))deg(fi(B)) 

which is enough to conclude. It only remains to prove the isomorphism M ~ 
fi(A) ®o c f*(&) as Cc-sheaves: we have the following isomorphisms 

K(B) ®oc f'M) - f'*{B®o c , f*fUA)) ~ fi(B ®o c , A®o c , f* fl{O c >)) - 

-fi(B®o c , A) ®o c fl{Oc>) 

where the first and third isomorphisms hold by the projection formula (cf. [7J, 
II, Exercise 5.1) and the second is a consequence of the isomorphism 

f'*flQ^G®o c , f*fi(O c ), 
which holds for any coherent Oc -module Q since /' is affine. □ 
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Definition 3.27. Let T be a vector bundle over a k-scheme T such that 
deg(i*(J-)) — for any proper and normal k-curve D and any non constant 
morphism i : D — > T ': we will say that J- has restricted degree 0. 

Lemma 3.28. Let X and Y be two k-schemes and let f : Y —> X be a finite 
and flat morphism such that /*(Oy) has restricted degree 0. Let J- be a vector 
bundle over Y which has restricted degree . Then the vector bundle /» (J 7 ) has 
restricted degree 0. 

Proof. We denote by d. Let C be a normal and proper curve over 

k, j : C — > X a non constant morphism and C := Y x x C; we consider the 
following diagram: 




where C is the normalization of an irreducible component (surjective over C) 
of the curve C' red obtained by C after reduction. We want to show that 
deg(j* /*(J 7 )) = 0. We know that 

1. deg(s*j'*(J r )) = by assumption since j' o s is not constant because f'os 
is surjective; 

2. f:r{T)~3*u(F)- 

3. for any quasi coherent Oc'-module Q we have s*s*(G) ~ Q ®o c , s»(Op). 

We denote f'^s^s* j'*(J-) by V. According to lemma [5.251 and point 1, we know 
that 

deg(V) = deg(fis40 d ))-rk(T). 
Using point 3, we obtain 

V = fis*s*j'*(F) ~ /:(?'* ®o c , s*(G d )). 

We observe that deg(f^(Oc')) = 0: indeed by point 2 we have fl(Oc>) — 
flj'*{Oy) — j* f*{Oy) then deg{f' jf {Oc)) = by assumption. Hence, according 
to lemma 13.261 dea(V) = 

= rfc(/:(o c 0)" 1 ^(/>4Oc)) de 3(/:/*(^))+^(/:/*(^))^5(/:s4Oc)) 

= d- 1 (rk(fls40 d ))deg(f'J*(T)^j + cT 1 (d ■ rk{F) ■ deg{f'M0 5 ))\ ; 

but we already know that deg(P) — deg{fls*{0 "q)) ■ rfc(J r ) thus deg(f' st j'*(J r )) = 
and by point 2 we finally obtain deg(j* f*(J-)) =0. □ 
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Proof of Theorem \3.8{ We are given a proper reduced fc-scheme X such that 
H°(X, Ox) = k and an essentially finite morphism / :Y — >■ X. Let g : Z — >• Y 
be a torsor under a finite fc-group scheme G2 trivialising T (i.e. g*{T) ~ 0® r 
where r = rk(F)). First we need to observe that J- has restricted degree 0. So 
let C be an integral, proper and normal £;-curve, j : C Y a non constant 
morphism and C := C Xy Z. Let us consider the following diagram: 




where C is an irreducible component of the curve C' red obtained by C after 
reduction then 

deg{s*g'*j*T) = deg(s*f*g*F) = deg(Of) = 

and by means of lemma 13.251 dea(i*(FX) = 0. By theorem 13.21 it exists a torsor 
Ti over X under a finite /c-group scheme G\ dominating /. Set T2 :=T\ Xy Z. 
It is a G2-torsor over Ti. According to [5] there exist two torsors under finite 
fc-group schemes u : T — > X and r : T — > T2 such that the diagram 




commutes. Set h := t o r : T — > Z: it is a faithfully flat morphism. Then 
h*g*(J-) ~ O®' thus u*h*g*(J-) is a finite vector bundle because m*(Ot) is. 
Since <? o h is faithfully flat then Oy (g o K)*(Ot) which implies J 7 ~ J 7 i^Oy 
Oy J 7 ®o y (5 o K)*(Ot) — (g h)*(g o h)*(F). This means (see the proof 
of lemma 15. 12p that J 7 is a subbundle of (g o o h)*{J-). The morphism / 

being afflne and flat we deduce, from last inclusion, that /* (J 7 ) is a subbundle of 
f*(9 h)*(9 hYiJ 7 ) = u*h*g*(T) ~ (u*C T ) er but (u st O T ) ffir is finite, then in 
particular essentially finite. According to (TO), Proposition 3.7, we just need to 
verify that /^J 7 has restricted degree in order to prove it is essentially finite, 
but this is a consequence of lemma [37281 since T has restricted degree 0. 
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4 The short exact sequence of fundamental group 
schemes 



Nori showed in [10] that under the hypothesis of section^ the category of tor- 
sors under finite group schemes over X pointed above x is filtered, and that 
the fundamental group scheme w± {X, x) is the projective limit of the groups 
occurring in these torsors. This led Nori to approach the construction of funda- 
mental group scheme in a different manner: a fc-scheme pointed at x G X(k) has 
a fundamental group scheme based at x if there exists a universal torsor pointed 
above x that dominates every torsor pointed above x under the action of a finite 
group scheme (cf. [IT], Chapter II, Definition 1). Then he proves that this is 
equivalent as saying that the category of torsors under finite group schemes over 
X pointed above x is filtered (cf. [11], Chapter II, Poposition 1). This point of 
view has been generalized by Gasbarri in [3] to schemes over Dedekind rings. 

As a consequence of the previous paragraph, we show here that if X is a 
proper reduced scheme satisfying the condition H°(X, Ox) — k endowed with 
a rational point x G X{k) and Y — > X is a quotient torsor under a finite group 
scheme G pointed on y G Y(k) above x, then Y has a fundamental group scheme. 
Moreover 7Ti(X, x) and ni(Y,y) fit in an short exact sequence. This result was 
obtained independently by Garuti [5] by another method in the more general 
situation of relative schemes over Dedekind schemes. 

Theorem 4.1. Let 9 : X — > Spec(k) be as before a locally noetherian proper re- 
duced k-scheme endowed with a rational point x G X(k) such that H (X, Ox) = 
k and f : Y X a quotient torsor under a finite group scheme G, pointed on 
y G Y(k) over x, corresponding to a faithfully fiat morphism ip : it\(X, x) — > G. 

Then Y has a fundamental group scheme based at y, ni(Y,y) ~ Ker(ip) and 
we have the following short exact sequence of group schemes: 

1 *"Ki( Y >V) ^MX,x)^^G »-l 

Proof. Let / : Y — > X be as in the statement of the theorem. It follows from 
theorem 13.21 that there is a unique morphism of torsors A : X — >• Y with respect 
to the morphism ip : ni(X, x) G such that / o A = p and X(x) = y. Moreover 
A : X — > Y is a torsor under Ker(ip). 

On the other hand let g : Z — > Y be a torsor under a finite group scheme, 
pointed by z G Z(k) above y. According to corollary I3.10[ h — f o g is an 
essentially finite morphism, and thus is dominated by its Galois closure h : Z — > 
X, which is a quotient torsor itself dominated by p : X —> X, where p : X — > X 
is the universal torsor of X based at x. 

Thus A : X — > Y is the projective limit of the pointed torsors g : Z — > Y; it 
is the universal torsor of Y based at y. □ 
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Corollary 4.2. Let 9 : X — ► Spec(k) be as before a locally noetherian proper 
reduced connected k-scheme endowed with a rational point x G X{k) and f : 
Y — >• X an essentially finite morphism pointed at y S V(fc) above x. Assume 
H°(Y,Oy) — k. Then Y has a fundamental group scheme based at y and 
%l(Y,y) ~ tti(X,x) v where m(X,x) y denotes the stabiliser of y in the natural 
action 0/711 (X, x) onY x . 

Proof. Let /' : Y' — > Y be a pointed G'-torsor on Y under a finite group scheme 
G'. Denote / : Y — > X the Galois closure of / and consider the following 
diagram, where the upper square is cartesian: 



Z = Y' x Y Y^-^Y' 

f 




Then Z — > Y is a pointed G'-torsor, and according to theorem 14. 11 there are 
unique morphisms of pointed torsors A : X — > Z and /i : X — > Y making the 
following diagram commutative: 




where X denotes the universal torsor on X based at x. 

According to theorem l3.2| go/j, is a pointed torsor over Y under the stabiliser 
iri(X,x)y of y in the action of m(X,x) on Y x . According to [TT], lemma 1, a 
fc-scheme morphism between two torsors P and P' under affine group schemes 
G and G' on a /c-scheme Y is a morphism of torsors relative to some unique 
morphism of groups G — > G' provided that H°(P, Op) = k. Apply this to g' o A; 
there exists a unique morphism of groups ip : tt±(X,x) v —> G' such that g' o A 
is a morphism of pointed torsors relative to if. This proves that g o fi : X — > Y 
is an universal object in the category of pointed torsors under finite group 
schemes on Y. One concludes that Y has a fundamental group scheme and that 
ni(Y,y) ~ TTi(X,x) y . □ 
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5 An example 



We will restrict ourselves to the case of a characteristic field k. With the hy- 
pothesis of section 2, we have the classical short exact sequence of Grothendieck 
etale fundamental groups: 

1 -> ?rf (X- k , x) -)■ ?rf (X, x) -> Gal(k/k) 1 

where k is an algebraic closure of k and x is the geometric point correspond- 
ing to x. The rational point x gives rise to a section s : Gal(k/k) — > ^(X, x) 
and 7rf (X, x) is in this way the semi-direct product of the geometric fundamen- 
tal group irfiX^jx) by the absolute Galois group of k. The section defines an 
action of Gal(k/k) on {X^ , x) and this group endowed with this action can 
be viewed as a pro-fc-group scheme. This is the Nori's fundamental group of 
X based at i. In the case of an algebraically closed field k of characteristic 0, 
it suffices to remark that finite /c-group schemes are just finite abstract groups, 
and that torsors under such finite group schemes are just Galois etale coverings 
(cf. [2], Corollary 6.7.20). The general case is explained in Appendix 1. 

We would like to translate in terms of etale fundamental groups the Ga- 
lois closure constructed in section 3. Let / : Y — s- X be an essentially finite 
morphism, which is just in this context a finite etale morphism. We assume as 
usual that H°(Y, Oy) = k, which means that Y is geometrically connected. If 
we enumerate the geometric fiber at x as { 1, . . . , d}, then the data of the degree 
d etale covering Y — > X is equivalent to a morphism ip : ^(X, x) — > Sd- This 
morphism factors as ip = 6 o <!>, where $ : ^(X, x) — > G, G is the image of 
ip and the inclusion G C Sd- The surjective morphism $ corresponds to the 
Galois closure Z — > X oi f : Y ^ X in the sense of Galois theory. Its restriction 
to 7rf'(Xj,,x) factors through a surjective morphism <p : ■nl t (Xj.,x) — > H. 

We have the following commutative diagram where all lines and the first and 
third columns are exact: 



7rf (X,x) 



■Gal(k/k) 



H 



G ■ 



Gal(L/k) 



where L = H°(Z, Oz) is a finite Galois extension of k. 
Geometrically it corresponds to the following diagram: 
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x L *x 



Spec(L) Spec(k) 

where Z is a Galois geometrically connected etale cover of Xl of group H . The 
section s induces a section sl ■ Gal(L/k) — > G of the second exact sequence 

1 > H > G >- Gal(L/k) 1 

and descent data from L to k of the Galois cover Z — > Xl in a cover p : T — > X 
as well as of the constant group H in a fc-group scheme Hk (the Hopf algebra of 
the constant group H over L is L H , whereas the Hopf algebra of Hk is the sub- 
algebra (L H ^Gai(L/k) Q £ g xec j elements under the natural action of Gal(L/k)). 
Moreover these descent data are compatible with the right multiplication of H 
on itself identified with the fiber at x which commutes with the action of the 
fundamental group and thus induces a right action of Hk on T. 

One can describe explicitly these actions in terms of the preceding diagrams. 
First the fiber of Z — > X^ at x is identified to H and the action of an element 7 
of 7Ti (Xk, x) on this fiber is the left multiplication of ^(7) 6 H on H through this 
identification, whereas the fiber of Z — > X at x is identified with G. Secondly the 
action of an element a G Galik/k) on the fibers at x - that of Z — > X identified 
with G and that of Y — > X identified with {1,. . .,d} - is the conjugation by 
$ o s(a) (resp. 9 o $ o s(er)). 

The etale cover p : T — > X , which is in general not Galois, corresponds to 
the morphism ^ : 7Ti (X, x) — > Sh defined in the following way: 

V7 e ?rf (X- k ,x),V<r g Gal(k/k),Vh G # *( 7 s(cr)).^ = ^(7)$(s(ct))/i$(s( ( t))- 1 

which is an action clearly extending the action of 7r^*(Xj,,x) on H via tp. The 
etale cover p : T — > X which is a torsor under Hk is the Galois closure of 
/ : Y — > X defined in paragraph 3. 

With the tools introduced here one can check that p : T — > X factors through 
/ : Y — >• X if Y has a fc-rational point y. Indeed one can index the points of 
the geometric fiber at x such that y corresponds to 1, which will be fixed under 
the action of Galik/k), i.e. 

Vct G Gal(k/k) (0o$os(o-)).l = 1 
Let us define a map H — V { 1 , . . . , d} by the formula 

F : ft -> (0(fc)).l 
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As Y — »■ X is geometrically connected, the action of H on {l,...,d} is 
transitive, and thus F is a surjective map. It is compatible with the actions of 
7Ti (X, x) on H and {1, . . . , d}, and thus defines an unique morphism of covers 
g : T — > Y over X . This is indeed a consequence of the following computation: 

F(( 7 s(a)).h) = F( < p( 7 )*(a( ff ))/i*(a( t r))- 1 ) = 

= (0o<p(7) flo$(s( ff )) 0(/i) 6»o$(s(cr))" 1 ).l = (0o^( 7 ) 6»o$(s(ct)) 0(/i)).l 
In the other hand 

7«(ff).F(fc)=7«(ff).(0(/i).l) =0($(7*(o-)) = 0(^(7) *(a(o-)) = 

= (00^(7) 0o$(s(cr)) 0(/l)).l 

Finally remark that the torsor p : T — > X is a Galois cover of X if and only 
if the action of Gal(k/k) on H is trivial or equivalently the Nori Galois group 
Hk is the constant group H . In this case the the group G is isomorphic to the 
direct product 

G~Hx Gal{L/k) 

Consider the particular case where / : Y — >■ X is itself a geometrically 
connected torsor under a finite group scheme H and suppose that Y(k) ^ 0. 
According to corollary 13.221 the group-scheme defined above is isomorphic 
to Hq and the morphism g : T — > Y defined above is an isomorphism of torsors. 
We have the following cartesian diagram 

Z ~ Y L y 

f 

x L ^x 

Spec(L) Spec(k) 

Let us consider another model /' : Y' — > X over k of the Galois cover 
Z ~ Yl ~ > Xl. It corresponds to another section s' of the short exact sequence 

1 ^ H > G >■ Gal(L/k) ^ 1 

where H = Ho Xg pec ^ Spec(L) is a constant group and G — Gal(Z/X). 
The group H with the action of Gal(L/k) defined by s' defines a /c-group scheme 
H' and Y' — > X is a torsor under i?'. 

If y'(fe) 7^ 0, the argument used for Y — > X applies to Y' — > X, and one 
concludes that the torsor Y' — > X is isomorphic to T — > X, and thus to Y — > X. 
We have shown the following statement: 
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Proposition 5.1. Let f : Y — > X be a geometrically connected torsor defined 
over k under a k-group scheme Hq, L/k the smallest Galois extension of k such 
that H = H a 

x Spec(fc) Spec(L) is constant. Suppose that Y x (k) ^ 0. Then there 
is a one to one correspondence between classes of conjugation of sections of the 
short exact sequence 

1 H G >- Gal{L/k) ^ l 

and classes of isomorphism of k-models Y' — > X of Yl X^. Both sets are 
parametrised by i? 1 (/c,7?o) pointed by the section s attached to the rational point 
x G X(k). This section corresponds to the unique (up to k-isomorphim) model 
Y -» X such that Y x (k) ^ 0. 



6 Appendix 1 

6.1 Gerbes, groupoids, and short exact sequences 

The general tannakian duality statement says that a tannakian category is 
equivalent to the category of representations of the gerbe of its fiber functors, 
or equivalently to the category of representations of some fc-groupoid. The cor- 
respondence between gerbes over k and fc-groupoids acting transitively on a 
fc-scheme is explained in [2]. Let us recall it briefly. 

Given a gerbe Q over a field k and a section uj over some fc-scheme X, one 
defines the groupo'id Tx.g.ui — Aut (uj) — > X Xk X, representing the functor 
associating to any morphism (6, a) : T — > X X the set 1 som^(a* ui ,6* 'uj) . If 
u : Y — > X is a fc-morphism, one has the following formula 

u*Tx,g,u — ^Y,g,u'u> 

In the other direction, given a groupo'id T — > X Xj, X acting transitively 
on the fc-scheme X, one defines a fiber category Q x r whose objects are fc- 
morphisms T — > X and where the morphisms from a : T X to b : T ^ X are 
(a, b)*T. The gerbe Qx.r corresponding to the groupo'id T is the stack associated 

to g XT . 

Any morphism u : Y — > X, where Y is a non empty fc-scheme induces an 
equivalence 

Gy',uT — Gx,t 

We are considering here the case of the etale topology on Spec(k) and we 
are going to explain that a gerbe Q over Spec(k)^t (or equivalently a fc-groupo'id 
acting on Spec(k)) is equivalent to a short exact sequence built from a section 
uj S G(k): 

1 -> Aut?(ui) -> n -> Gal(k/k) -> 1 
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where k denotes the separable closure of k and II is some profinite group we are 
defining as follows. 

As explained above, from oj e Q(k) one can define the groupo'id (s,t) : 
r = Aut (ui) — > Spec(k) Xfe Spec(k) acting transitively on Spec(k). Call A = 
Spec(k) X/j Spec(k) the trivial groupo'id acting on Spec(k). And denote by 
s : Ti — > Spec(k) (resp. pn : Ai — > Spec(k)) the schemes T (resp. A) endowed 
with the map s (resp. pn) over Spec{k). 

The set Ai(fc) is canonically in bijection with Gal(k/k) and an element 
7 6 iMfc) which maps to a e Gal(k/k) ~ Ai(fc) is an element of Isom^(uj, a*co). 
There is a natural group structure on Ti(k) compatible with the map Ti(fc) — > 
Ai(fc) and the group structure on A\(k) ~ Gal(k/k): it is defined in the fol- 
lowing manner: if er, r £ Gal(k/k), 7 £ 7soto|(cj, ct*cj), 5 e Isom^(u>, t*lS), 
then 

7 * <5 = ^7 e Isom^(uj, (tct)*cj) 

thus the map Ti(fc) — ^ Ai(fc) is a group homomorphism whose kernel is Aut^(u>). 
Thus one gets the following short exact sequence 

(1) l-»Autj^w)-»ri(fc)-»Go/(jfe/fc)->l. 

Let fc C if C fc be an algebraic extension of k; one can pull the short exact 
sequence (1) by the morphism Galik/K) — > Galik/k). A section s of this exact 
sequence is the data for all a E Galik/K) of an isomorphism ip a : uj — > uj a 
satisfying Weil cocycle conditions or equivalently descent data from k to K for 
uj. It is thus a section s of the gerbe Q on Spec(K). 

Given two sections s and t of the short exact sequence (1) on Spec(K), the 
morphisms from s to t in Ql, where K C L C fc is a finite extension of if, are 
the automorphisms of u> which are compatible with the descent data, that is the 
elements 7 e Aut^(uj) satisfying 

yaeGal(k/L) 7 * s(a) = t(a) * 7 

which expresses the commutativity of the following diagrams 



s(a) 



We have defined a fully faithful functor s — > ,5 from the category of sections of 

the short exact sequence (I) to the gerbe Q. This functor is essentially surjective: 
let p be a section of Q on an extension K of k, k C K C k, then pj, is isomorphic 
over fc to the section u>. And then p is defined from u> through descent data. 
As we have seen above one can associate to these descent data a section of the 
short exact sequence (1). We have proved the following statement: 
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Proposition 6.1. Any section s of the short exact sequence (1) on a finite 
extension K of k gives rise to descent data from k to K for lu and then to a 
section s of the gerbe Q on K . The functor s — > s is an equivalence of gerbes 
between the gerbe of sections of the short exact sequence (1) and the gerbe Q . 

When the gerbe Q is neutral, one can choose a section £ £ Q(Spec(k)) and 
lj = Then the descent data from k to k defining £ from u> give rise to a 
section s of the short exact sequence: 

s(a) : * = t k 

and for A £ Aut^(^j,). a A = s(cr) * A * s(er) _1 . One gets the following 
statement: 

Proposition 6.2. Suppose the gerbe Q being neutral and choose a section 
£, £ G(Spec(k)). The k-group AvrtP{£) is then defined by the abstract group 
Aut^(^) endowed with the action of Gal(k/k) by conjugation through s. 

6.2 Nori's fundamental group and Grothendieck's funda- 
mental group 

We assume here that ch(k) = 0. Let X be as usual a proper reduced and 
connected fc-scheme with a rational point x £ X(k). Denote by x the geometric 
point corresponding to x and by k <—l k the embedding of fields. This geometric 
point x gives rise to a fibre functor x* from the Galois category of etale covering 
of X to the category of sets (identified to the category of finite etale fc-schemes) . 
On the other hand x gives rise to a neutral fiber functor lo x of the tannakian 
category EF(X) to the category of finite fc-vector spaces. 

In this situation, the arithmetic and geometric etale fundamental groups are 
well defined and fit in the fundamental short exact sequence 

(2) 1 -> ?rf (Xfrx) -> tt|* (X,x) -> Gal{k/k) -> 1. 

The rational point x £ X(k) defines a splitting of this short exact sequence, and 
thus an action of Gal(k/k) over the abstract profinite group n\ t (Xj. : x). 

In the gerbe Q of fibre functors of the tannakian category EF(X), for any 
fibre functor w, Aut^{uj) — Aut®(uj), where this notation represents the group 
of automorphisms of uj compatible with the tensor product. To show that Nori's 
fundamental group AvdP \lu x ) is the fc-group defined by 77^* (Xg, x) endowed with 
the action defined above, in view of Proposition 16.21 it suffices to show the 
following proposition: 

Proposition 6.3. There are isomorphisms making the following diagram com- 
mutative: 
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1 ^ Aut G (u x ) >■ Txik) Gal(k/k) »- 1 



1 > ?rf (Xj., x) ^ ?rf {X, x) *~ Gal(k/k) ^ 1 

where the first row is the exact sequence (1). 

Proof. For all a € Gal(k/k) and for any etale covering h : Y — >• X, we have a 
cartesian diagram 

V o"V- P° V- 

1 k — J fc *" x k 

"H h- k 

xr_ a <* \r_ 
A fc *" A fc 



Spec(k) 



Spec(k) 



The restrictions of f3 a to the fibers of x and induce maps between finite 



sets 



They define a natural transformation that we still denote a a ■ 17 x* => S*. 
To 7 £ IsomP (u>x, a (j->x) C Ti(fc) let us associate 7 : x* =>- a x* and define 
$(7) = a a o 7 G tti(X, xjj The following commutative diagram proves that $ 
is a group homomorphism: 




(s)*(y) 

To verify that $ is an isomorphism, il suffices to check that the diagram 



1 



1 



■Aut 5 (, 



Ti(fc) 



Gal(k/k) 



Gal(k/k) 



1 



1 



4 The category of etale finite covering of X can be identified to a subcategory of EF(X) 
by the functor which sends a finite etale covering / : Y — ¥ X to /* Oy . We are identifying the 
restriction to this subcategory of u> r with x* 
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is commutative and that the two maps &\Auts '■ Aut g {uj x ) — > m(Xj^, x) and 
Ai(fc) — > Gal(k/k) are isomorphisms. It is obvious for the second one. As for 
the first one it suffices to notice that Aut^(ui x ) is the Nori's fundamental group 
of Xfr based at x, which is known to be isomorphic to the projective limit of 
finite fc-group schemes occurring in finite torsors Y —¥ X%, which is equivalent 
to finite Stale Galois covering of X%. Thus Aut*(u> x ) is isomorphic to tti(X^,x). 

To check that the diagram is commutative we only have to check that the 
right square is commutative. The morphism (X, x) — > Gal(k/k) is associated 
in the Galois theory with the functor which sends any finite etale fc-algebra 
fc C K to the purely arithmetic covering X xg pec ^ Spec(K) — > X. 

Let k C K be a finite etale fc-algebra. The structural morphism x*{Xk) — > 
Spec(k) can be identified canonically to Spec(K ®fc fc) ~ Spec(k Sl< ) — > Spec(k), 
where Sk is the set of fc-embeddings of if in fc, corresponding to the diagonal 
morphism fc k Sl< . In particular it does not depend on the fc-point x. 

Let 7 be in IsomP (oj s , <j*lo x ) C ^i(k) where a £ Gal(k/k). When we restrict 
7 to the full subcategory T of EF(X) whose objects are Ox K , where k K 
runs among finite etale fc-algebras (or more generally finite fc-vector spaces) , we 
get a tensor automorphism of the trivial fibre functor extended to fc from the 
category EF(Spec(k)). It is easy to check that the Nori fundamental group of 
Spec(k) is trivial, and thus, the restriction of 7 to T is trivial. 

On the other hand, when we restrict the natural transformation a a to objects 
of the form Xk —> X, where K is a finite etale fc-algebra, a induces Ik <8> er : 
K®kk — > K®kk, and modulo the isomorphism K®kk ~ k SK , the isomorphism 
k SK — > k Sli given by the following formula: 

(*) {\) V £Sk -> ( cr (-^<T-v))v6Sif 

Finally, the restriction of $(7) = a a o 7 to objects of the form X^ — > X is 
given by the formula (*), which corresponds on the set Sk of fc points of k Sl< 
to the map 

if — >• a o tp 

We have checked that the image of $(7) £ tti(X,x) in Gal(k/k) is a E 
Gal(k/k) as expected. □ 
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